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Abstract:

In this paper the Block methods which include: method of two
and three blocks will be applied to Volterra integral equations with
delay. The values of the involved integrals in each method are
evaluated numerically using quadrature formula. Moreover,
programs for each method are written in MATLAB language. A
comparison between two types has been made depending on the least
squares errors.

Key words: Block method, Volterra integral equation with delay.

1. Introduction:

In the last thirty years there has been a great deal of work in the
field of differential equations with modified argument. These
equations arise in a wide variety of scientific and technical
applications, including the modeling of problems from the natural and
social sciences such as physics, biological sciences and economics
[7].

A special class is represented by the differential equations with
affine modification of the argument which can be delay differential
equation (DDE) or differential equations with linear modification of
the argument. Many results concerning these equations are given in
the papers [1]-[4].

These equations are equivalent to the following integral equation

b(x)
h(x) f(x)=9(x) + 4 Ik(x, Y)Y =2)AYe @
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Where h, g and k are given continuous functions,Ais a scalar
parameter (we will take A equal to one), and f(x) is unknown function
to be determined.

Equation (1) is called Volterra integral equation with delay when
b(x)=x and it is called fredholm integral equation with delay when
b(x)=b ,where b is constant, moreover it is called of the first kind if
h(x)=0 and of the second kind if h(x)=1,also if g(x)=0 the equation (1)
is called homogenous and called nonhomogenous if g(x)= 0 [6].

In this paper we consider the Block method applied to the
Volterra integral equation with constant delay 7>0

f(xX)=9(x) +Ik(x, Y)IT(Y = 7)Y, (2)
and
f(X)=®(x) for Xe[a—7,a) i, (3)

with given continuous function ®@.

2. Block Method:

A Block method is essentially an extrapolation procedure
which has advantage of being self starting and produces a block of
values at a time. Linze [5],describes two block methods and uses these
methods to solve Volterra integral equation of the second kind.

In this paper this method has been used for the first time to
solve Volterra integral equations of the second kind with delay ,in
which a block of two and three values are produced at each stage and
the values of the involved integrals are obtained using the quadrature
formula.

2.1 Method of two Blocks:
Applying equation (2) withx=x,,,,=x,+(2n+21h, and
X=Xy, =X, +(2n+2)h , where x, =ato get:-

X2n41

fo =0y + j K(X,.p, Y) f(y —7)dy + j KXy V) F Y =)o 7

Xo Xon
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Xons2

fop =Gy + j K(Xy.p, Y) F (Y —7)dy+ j KXy Y) F (Y =) Yoo 6)
X0 Xon

This technique depends on the use of two quadrature formulas.
The first is Simpson1/3 rule and the formula given in [5]:

Tf(x)dx:g[Sfo ST 5 (6)

with x, =x,, and x, =x,,,, Where n>0, and the second is simpson
1/3 rule ,therefore we obtain:

h& h
f2n+l =0ana +§ Z:[\N] k(x2n+11 Xj ) f (Xj _I)]+I2[a<(X2n+1’ X2n) f (X2n _T) +g((X2n+1’ X2n+l)
j=0
TC T W Y 1 S I 0

2n+2

h —
fanva = Qanez + 3 2 WK X)) FOG = s (8)
j=0

Where :-
Wy =W,, =L w; =3- (-1’ 1<j<2n-1
and
Wy =W,,, =LW; =3-(-1)' 1< j<2n+1
Thus we have a pair of equations to solve for f, , and f, ,.

Algorithm (Block 2) gives of the program that has been used to
express this method.

2.2 Method of Three Blocks:
Applying equation (2) with x=X,,,;,X=Xs,,, and X=X, , t0

get :
fana = O + | KOGt WY =0y + [kt V) F Y= 2)0Yorrir )
foiy =Usp + j K(Xy.,, ) F (Y —7)dy + j K(Xg,00 V) F (Y =)o 10)
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X3n X3n+3

Fans = Oans + [KOna W FY =)y + [k, WD (Y =2)BYi 1)

X3n

This method depends on the use of three quadrature formulas.
The first is simpson 3/8 rule and the formulas given by (6),the second
is simpson 3/8 rule and simpson 1/3 rule ,and the third is simpson
3/8 ,therefore:-

3hd h
fone = Janag + 3 E Wi K(Xg.1» X; )f (Xj —-7)+ 1_2 [5K (X3p,11 X3 ) T (X, —7) +
i

8K (X31115 Xana1) T (Ko = 7) = K(Xgnuts Xanen ) T Koy = T)]eeeiveiiiie (W)
3h& h
fane =032 + Ezwjk(XSnJrZ’ X; ) f (Xj —-7)+ g[k(xsmz  Xan) F (X, —7) +
j=0
AK(Xgn01 Xanar) T (Xanay = 7) F K (X100 Xa000) T Kgnen = D) ]eeiiieie, a3
3h 3n+3
f3n+3 = Oan:3 +§ ijk(X3n+31Xj)f(Xj _T) --------------------------------------------- (14)
j=0
Where:

U
2 ,if ==integer
W, =W,, =1 ,w, = 3 J

3 ,otherwise

L) .
2 ,if ==integer
3 g

3 ,otherwise

_ — 2 if i:integer
W 3

3 ,otherwise
Thus, we have a system of three equations to solve for f, ., f,., and
f...5- Algorithm (Block 3) gives of the program that has been used to
express this method.
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3. Algorithms:

The following algorithms (Block2 and Block3) for solving
Volterra integral equation with delay using the two Block method and
three Block method respectively:-

3.1 The Algorithm (Block 2):
Step (2):-

a. puth=(b-a)/n;neN
b. set f,=9,=9(a)

Step (2): for j=1: n-1

Calculate f; and f,, using equations (7) and (8) and use

Gauss elimination procedure to solve the resulting system.
3.2 The Algorithm (Block 3):
Step (2):

a. puth=(b-a)/n;neN
b. set f,=9,=9(a)

Step (2): for j=1: n-2

Calculate f,f,,, and f, , using equations (12),(13) and (14)

with Gauss elimination procedure to solve the resulting system.
4. Numerical Examples:

4.1 Example (1):
Consider the following Volterra integral equation with delay:

f (x) =sin x + x? cos(x —1) — x* cos(-1) + J. x*f (y —1dy
0

3

with f(x) = x —% , for x [-1,0)
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Table (1) presents results from a computer program that
solves this problem for which the analytical solution is f(x)=sin x
over the interval [0,1] with n=10, i.e. h=0.1, and
L.S.E=least square error

Table (1): Exact and numerical solution for example (1)

X exact Block(2) Block(3)
0.1 COARAFTEN T ETAY L A9AFTEEY V900 L A9ATYEEY (900
0.2 < )AATTAFY L Vdo T CYAATTAFYYYY oYY CYAATIATYYYY oY
0.3 < YqoeoY. Y. 1T YE <. Yq00Y . EAYYYR) < Y200V VAV LYY
0.4 CFATEVATEYY L ATO CFATENAFITAEY T CFATEVAAEY I FTAA
05 L EYAEYOOYATLEY, L EYAEYTELOAOYYA «EYdgYosoYod.qd
0.6 CoTETEYEVYYAo. ¢ «.0T£T£Y¥avYoYoo COTETEYY . TEEYE
0.7 CTEEYIVTIAYY YA CTEEYYAOYET Y v CTEEYIAYAET L EYT
0.8 < YYVF¥oTia.Aqq0Y < ¥YYVY¥oodrivoyoo < YYVrooviiot.a.
0.9 CYAFTYTA.9TYVEA CVATFY L IYA LAY CYAYYYTEEAYEYYA
1 CAEYEVLAAEALYAL CAEYEYLYYAYYoqt CAEYEVEOVARTYAL
LS.E 1,EYE£1£T9AT42-011 | 1.64405447683e-011

Table (2) gives the least square error for different values of n

Table (2): Least square error

Method n=20 n=30 n=100
Block(2) 1.1412566416e-013 | 6.7092505037e-015 | 1.4716843379e-018
Block(3) 7.5956627090e-014 | 3.6626499081e-015 | 9.3453355173e-019

4.2 Example (2):

Consider the following Volterra integral equation with delay:

f(x)=e* —xe** +xe™ +_|.xf (y —1)dy
0

2

with f(x) =1+ x+% , for x [-1,0)

Table (3) presents results from a computer program that
solves this problem for which the analytical solution is f(x)=e* over
the interval [0,1] with n=10, i.e. h=0.1
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Table (3): Exact and numerical solution for example (2)

X exact Block(2) Block(3)
0.1 Y10 YdVA Voo YN0 YYouAYASD Y )0 VYo M AtD
0.2 Y YYYELYVOAYT LYY VYY) EaYVIVYIAAYe Y.YYYE.YVIVYAAYo
0.3 Y FEAA0AA YOV T Y YEAAOAY VAYT40A Y. ¥£9A0AAOOYY T 0
0.4 Y £AVAYET4VTEVYY Y EAVAYEVFVA LT Y £9VAYYACAYETAE
05 Y TEAVYIYY OV Y Y TEAVY LYY LVYY Y UEAVYIFAYE0£YT
0.6 YAYYIYAA . Fa . 0) YAYYIYAQ Y WAEY e Y AYY YA YTTAYYY
0.7 Y OATYOYV. ViV EA Y oITYVoe.1ayta g Y OVYVOLATYAYE s
0.8 Y YY00£ . qYAEAYEY Y. YYoo£) ) YATYYOY Y YY00£)YaT . 9TEA
0.9 Y. £047.YVY )0 40 Y £040999AT)VE4Y Y. £097.YYITVAdT
1 Y YYAYAYAYA£04. 0 Y.VYAYAYIVAYYd0. Y VYAYVAFALYAAAA
L.S.E 1.58250255303e-011 1.66532286414e-011

Table (4) gives the least square error for different values of n

Table (4): Least square error

Method n=20 n=30 n=100
Block(2) 1.2604349930e-013 | 7.4013585764e-015 | 1.6218710487e-018
Block(3) 8.1977489151e-014 | 4.0958846418e-015 | 1.0027955288e-018

5. Conclusion:

Block methods are constructed to compute numerical solution
to a Volterra integral equation with delay. For each type a computer
program was written and several examples were solved using
proposed method.

We conclude the following remarks:
e The three block method gives better accuracy than two block
method.
e As n (the number of knots) increases, the error term is
decreased in all of the used methods.
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