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Abstract:     
         In this paper the Block methods which include: method of two 
and three blocks will be applied to Volterra integral equations with 
delay. The values of the involved integrals in each method are 
evaluated numerically using quadrature formula.         Moreover, 
programs for each method are written in MATLAB language. A 
comparison between two types has been made depending on the least 
squares errors. 
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1. Introduction: 
        In the last thirty years there has been a great deal of work in the 
field of differential equations with modified argument. These 
equations arise in a wide variety of scientific and technical 
applications, including the modeling of problems from the natural and 
social sciences such as physics, biological sciences and economics 
[7]. 
        A special class is represented by the differential equations with 
affine modification of the argument which can be delay differential 
equation (DDE) or differential equations with linear modification of 
the argument. Many results concerning these equations are given in 
the papers [1]-[4]. 
        These equations are equivalent to the following integral equation   
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Where h, g and k are given continuous functions,l is a scalar 
parameter (we will take l  equal to one), and f(x) is unknown function 
to be determined. 
        Equation (1) is called Volterra integral equation with delay when 
b(x)=x and it is called fredholm integral equation with delay when 
b(x)=b ,where b is constant, moreover it is called of the first kind if 
h(x)=0 and of the second kind if h(x)=1,also if g(x)=0 the equation (1) 
is called homogenous and called nonhomogenous if g(x)¹ 0 [6]. 
 
        In this paper we consider the Block method applied to the 
Volterra integral equation with constant delay 0ft  

ò -+=
x

a

dyyfyxkxgxf )2....(..............................)(),()()( t  

and  
[ ) )3....(..............................,)()( aaxforxxf t-ÎF=   

with given continuous function .F   
 
2. Block Method: 

A Block method is essentially an extrapolation procedure 
which has advantage of being self starting and produces a block of 
values at a time. Linze [5],describes two block methods and uses these 
methods to solve Volterra integral equation of the second kind. 
 In this paper this method has been used for the first time to 
solve Volterra integral equations of the second kind with delay ,in 
which a block of two and three values are produced at each stage and 
the values of the involved integrals are obtained using the quadrature 
formula. 
 
2.1 Method of two Blocks: 
 Applying equation (2) with hnxxx n )12(012 ++== + , and 

hnxxx n )22(022 ++== +  , where ax =0 to get:- 
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        This technique depends on the use of two quadrature formulas. 
The first is Simpson1/3 rule and the formula given in [5]: 
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with nxx 20 =  and 121 += nxx  where 0³n , and the second is simpson 
1/3 rule ,therefore we obtain: 
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Where :- 
121,)1(3,120 -££--=== njwww j

jn  

and 
121,)1(3,1220 +££--=== + njwww j

jn  

 Thus we have a pair of equations to solve for 12 +nf  and  22 +nf . 
Algorithm (Block 2) gives of the program that has been used to 
express this method. 
  
2.2 Method of Three Blocks: 
 Applying equation (2) with  2313 , ++ == nn xxxx  and 33 += nxx  to 
get : 
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 This method depends on the use of three quadrature formulas. 
The first is simpson 3/8 rule and the formulas given by (6),the second 
is simpson 3/8 rule and simpson 1/3 rule ,and the third is simpson 
3/8 ,therefore:- 

)12........(....................)]........(),()(),(8

)(),(5[
12

)(),(
8
3

232313131313

3313

3

0
131313

tt

tt

---

+-+-+=

++++++

+
=

+++ å

nnnnnn

nnn

n

j
jjnjnn

xfxxkxfxxk

xfxxk
h

xfxxkw
h

gf

)13.....(....................)]........(),()(),(4

)(),([
3

)(),(
8
3

232323131323

3323

3

0
232323

tt

tt

-+-

+-+-+=

++++++

+
=

+++ å

nnnnnn

nnn

n

j
jjnjnn

xfxxkxfxxk

xfxxk
h

xfxxkw
h

gf

  
 

)14.....(........................................)(),(
8
3 33

0
333333 å

+

=
+++ -+=

n

j
jjnjnn xfxxkw

h
gf t  

 
Where: 

ïî

ï
í
ì =

===
otherwise

eger
j

if
www jn

,3

int
3

,2
,130  

ïî

ï
í
ì =

===
otherwise

eger
j

if
www jn

,3

int
3

,2
,130  

and 

ïî

ï
í
ì =

=== +

otherwise

eger
j

if
www jn

,3

int
3

,2
,1330  

Thus, we have a system of three equations to solve for 2313 , ++ nn ff   and 
.33 +nf  Algorithm (Block 3) gives of the program that has been used to 

express this method. 
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3. Algorithms: 
 The following algorithms (Block2 and Block3) for solving 
Volterra integral equation with delay using the two Block method and 
three Block method respectively:- 
 
3.1 The Algorithm (Block 2): 
Step (1):- 
 

a. put h=(b-a)/n ; nÎN 
b. set )(00 aggf ==  

 
Step (2): for j=1: n-1 
 

Calculate jf  and 1+jf  using equations (7) and (8) and use 

Gauss elimination procedure to solve the resulting system. 
 
3.2 The Algorithm (Block 3): 
 
Step (1): 
 

a. put h=(b-a)/n ; n NÎ  
b. set )(00 aggf ==  

 
Step (2): for j=1 : n-2 

Calculate 1, +jj ff  and 2+jf  using equations (12),(13) and (14) 

with Gauss elimination procedure to solve the resulting system. 
 

4. Numerical Examples: 
 
4.1 Example (1): 
       Consider the following Volterra integral equation with delay: 
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        Table (1) presents results from a computer program that 
solves this problem for which the analytical solution is xxf sin)( =   
over the interval [0,1] with n=10, i.e. h=0.1, and  
L.S.E=least square error 
 

Table (1): Exact and numerical solution for example (1) 
 

x exact Block(2) Block(3) 
0 ٠.٠٠٠٠٠٠٠٠٠٠٠٠٠٠ ٠.٠٠٠٠٠٠٠٠٠٠٠٠٠٠ ٠.٠٠٠٠٠٠٠٠٠٠٠٠٠٠ 

0.1 ٠.٠٩٩٨٣٣٤٤٢٠٩٥٠١ ٠.٠٩٩٨٣٣٤٤٢٠٩٥٠١ ٠.٠٩٩٨٣٣٤١٦٦٤٦٨٣ 
0.2 ٠.١٩٨٦٦٩٣٢٧٣١٥٢٧ ٠.١٩٨٦٦٩٣٢٧٣١٥٢٧ ٠.١٩٨٦٦٩٣٣٠٧٩٥٠٦ 

0.3 ٠.٢٩٥٥٢٠١٨١٣٤٠٣٢ ٠.٢٩٥٥٢٠٤٨٢٢٣٦٩١ ٠.٢٩٥٥٢٠٢٠٦٦٦١٣٤ 
0.4 ٠.٣٨٩٤١٨٨٤٢١٣٣٨٨ ٠.٣٨٩٤١٨٣١٦٩٤٢١٦ ٠.٣٨٩٤١٨٣٤٢٣٠٨٦٥ 
0.5 ٠.٤٧٩٤٢٥٤٥٢٥٩٠٩٩ ٠.٤٧٩٤٢٦٤٠٥٨٥٢٧٨ ٠.٤٧٩٤٢٥٥٣٨٦٠٤٢٠ 
0.6 ٠.٥٦٤٦٤٢٣٠١٦٤٤٧٤ ٠.٥٦٤٦٤٢٣٩٧١٥٢٥٥ ٠.٥٦٤٦٤٢٤٧٣٣٩٥٠٤ 
0.7 ٠.٦٤٤٢١٩٣٩٤٦٠٤٢٦ ٠.٦٤٤٢١٩٥٢٤٦٠١٠٠ ٠.٦٤٤٢١٧٦٨٧٢٣٧٦٩ 
0.8 ٠.٧١٧٣٥٥٧٦٤٥٦٠٩٠ ٠.٧١٧٣٥٥٩٣٤٣٥٢٥٥ ٠.٧١٧٣٥٦٠٩٠٨٩٩٥٢ 
0.9 ٠.٧٨٣٣٢٦٤٤٨١٤٣١٩ ٠.٧٨٣٣٣٠٠٦٢٩٠٨٢٦ ٠.٧٨٣٣٢٦٩٠٩٦٢٧٤٨ 
1 ٠.٨٤١٤٧٤٥٧٨٩٦٣٨٤ ٠.٨٤١٤٧٠٧٢٩١١٥٩٤ ٠.٨٤١٤٧٠٩٨٤٨٠٧٩٠ 

L.S.E ١.٤٢٤٤١٤٦٩٨٦٨e-011 1.64405447683e-011 

  
Table (2) gives the least square error for different values of n 
 

Table (2): Least square error 
 

Method n=20 n=30 n=100 
Block(2) 1.1412566416e-013 6.7092505037e-015 1.4716843379e-018 
Block(3) 7.5956627090e-014 3.6626499081e-015 9.3453355173e-019 

 
4.2 Example (2): 
  
       Consider the following Volterra integral equation with delay: 
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    Table (3) presents results from a computer program that 
solves this problem for which the analytical solution is xexf =)(   over 
the interval [0,1] with n=10, i.e. h=0.1 
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Table (3): Exact and numerical solution for example (2) 
 

x exact Block(2) Block(3) 
0 ١.٠٠٠٠٠٠٠٠٠٠٠٠٠٠ ١.٠٠٠٠٠٠٠٠٠٠٠٠٠٠ ١.٠٠٠٠٠٠٠٠٠٠٠٠٠٠ 

0.1 ١.١٠٥١٧٠٧٥٠٨١٨٤٥ ١.١٠٥١٧٠٧٥٠٨١٨٤٥ ١.١٠٥١٧٠٩١٨٠٧٥٦٥ 
0.2 ١.٢٢١٤٠٢٧٦٧١٩٩٣٥ ١.٢٢١٤٠٢٧٦٧١٩٩٣٥ ١.٢٢١٤٠٢٧٥٨١٦٠١٧ 

0.3 ١.٣٤٩٨٥٨٨٥٥٧٢٦٠٥ ١.٣٤٩٨٥٨٢٠٨٢٦٩٥٨ ١.٣٤٩٨٥٨٨٠٧٥٧٦٠٠ 
0.4 ١.٤٩١٨٢٣٨٥٨٧٤٦٩٤ ١.٤٩١٨٢٤٧٣٧٨٠٠٦١ ١.٤٩١٨٢٤٦٩٧٦٤١٢٧ 
0.5 ١.٦٤٨٧٢١٣٨١٤٥٤٢٦ ١.٦٤٨٧٢٠٠٧٣٣٠٧٢٣ ١.٦٤٨٧٢١٢٧٠٧٠٠١٣ 
0.6 ١.٨٢٢١١٩٠٢٦٦٨٢١٢ ١.٨٢٢١١٨٩٠١٠٨٤١٥ ١.٨٢٢١١٨٨٠٠٣٩٠٥١ 
0.7 ٢.٠١٣٧٥٠٨٣٨١٤٠٠٠ ٢.٠١٣٧٥٠٦٩١٦٠٩٠٤ ٢.٠١٣٧٥٢٧٠٧٤٧٠٤٨ 
0.8 ٢.٢٢٥٥٤١٢٩٦٠٩٦٤٨ ٢.٢٢٥٥٤١١٢٨٦٣٢٥٣ ٢.٢٢٥٥٤٠٩٢٨٤٩٢٤٧ 
0.9 ٢.٤٥٩٦٠٣٧١٣٧٩٩٦٦ ٢.٤٥٩٥٩٩٩٨٦١٧٤٩٣ ٢.٤٥٩٦٠٣١١١١٥٦٩٥ 
1 ٢.٧١٨٢٧٨٣٨٤١٩٨٨٨ ٢.٧١٨٢٨٢١٧٩٢١٩٥٠ ٢.٧١٨٢٨١٨٢٨٤٥٩٠٥ 

L.S.E 1.58250255303e-011 1.66532286414e-011 

 
Table (4) gives the least square error for different values of n 
 

Table (4): Least square error 
 

Method n=20 n=30 n=100 
Block(2) 1.2604349930e-013 7.4013585764e-015 1.6218710487e-018 
Block(3) 8.1977489151e-014 4.0958846418e-015 1.0027955288e-018 

 
5. Conclusion: 
 Block methods are constructed to compute numerical solution 
to a Volterra integral equation with delay. For each type a computer 
program was written and several examples were solved using 
proposed method. 
 
 We conclude the following remarks: 

· The three block method gives better accuracy than two block 
method. 

· As n (the number of knots) increases, the error term is 
decreased in all of the used methods. 
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  :المستخلص
في ھذا البح8ث ط8رق البل8وك الت8ي Ηتض8من طریق8ة البل8وك الثانی8ة والثالث8ة طبق8ت عل8ى معادل8ة 

ق88یم التك88املات الناΗج88ة ف88ي ك88ل طریق88ة حس88بت ع88ددیا بأس88تخدام  .ف88ولتیرا التكاملی88ة التباطؤی88ة
  .یةعالقواعد التربی

كم88ا و88Ηم اج88راء  .فض88لا ع88ن ذل88ك كتب88ت الب88رامج الخاص88ة بك88ل طریق88ة بأس88تخدام لغ88ة م88اΗلاب
  . مقارنة بین انواع البلوك بأستخدام الأخطاء التربیعیة

 


