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Abstract 

     Let R be a ring and M be an R-module. Recall that M is extending if, 
every submodule of M is essential in a direct summand of M. And recall 
that an R-module M is fully pseudo stable if every submodule of M is 
pseudo stable. 

     In this work, we introduce and study two classes of modules. The first 
class is stronger than extending modules, and the second class is 
generalization of fully pseudo stable modules.  We call an R-module M is 
strongly-pseudo-extending if, every submodule of M is essential in a 
pseudo stable direct summand of M. We call an R-module of M is SP-
module if, every direct summand of M is pseudo stable. Many 
characterizations and properties of these concepts are given. Moreover, 
the relation among these concepts is studied. It is shown that an R-
module M is strongly-pseudo-extending if and only if M is an extending 
and M is SP-module. 

Introduction 

     Through out this paper, R will be denoted an associative commutative 
ring with identity, and all R-modules are unitary (left) R-modules. 

 

=========================================== 

*This Paper is based on M. Sc. thesis written by 2nd author under supervision of the 
first author and submitted to college of Education, University of Tikrit. 20S 
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     An R-module M is called extending if every submodule of M is 
essential in a direct summand of M. Extending modules have been studied 
recently by several authors, among them  M. Harada, B. Muller, P.F. 
Smith, and J. Clark [3]. 

     In this work, we introduce and study in section one the concept of 
strongly-pseudo-extending module which is stronger property than 
extending module. 

     An R-module M is called strongly-pseudo-extending if, every 
submodule is essential in a pseudo stable direct summand of M. A non-
zero submodule N of an R-module M is called pseudo stable if for each R-
monomorphism  [1]. And a non-zero submodule K 

of an R-module M is called essential in M, if  for every non-
zero submodule L of M [5]. 

     Several characterizations of strongly-pseudo-extending modules are 
given. Moreover, we investigate direct decomposition for strongly-
pseudo-extending modules. Also inherited property for strongly-pseudo-
extending modules is studied. We show that a closed (and hence direct 
summand) submodules of strongly-pseudo-extending module are 
strongly-pseudo-extending. 

     In section two of this paper, as a proper generalization of fully-pseudo 
stable modules and as a link between extending modules, and strongly-
pseudo extending modules, we introduce, and study the concept SP-
module. An R-module is called Sp-module, if every direct summand of M 
is pseudo stable. Many examples, properties and characterizations of this 
concept are given; we assert that extending modules and strongly-
pseudo-extending modules are linked by SP-module. Known modules 
related to SP-module are considered. A direct summand of SP-module is 
SP-module. 

§ 1:  Strongly-Pseudo-Extending Modules 

     In this section, we introduce and study a class of modules which is 
stronger property than extending modules. 
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Definition 1.1 

     An R-module M is called strongly-pseudo extending if, every 
submodule of M is essential in a pseudo stable direct summand of M. 

     A ring R is called strongly-pseudo-extending if R is a strongly-pseudo- 
extending left (right) R-module. 

Example and Remarks 1.2 

1- Every strongly-pseudo-extending module is extending, but the 
converse is not true in general. 
For example is extending Z-module because M 

is injective-Z-module, while  is not strongly-

pseudo-extending. 
2- Every uniform module is strongly-pseudo-extending, but the 

converse is not true. For example,  as a Z-module is strongly-
pseudo-extending but it is not uniform. 

3- Every semi-simple fully-pseudo-stable module is strongly-pseudo-
extending. But the converse is not true. For example the Z-module 
Q is strongly-pseudo-extending, but it is not fully pseudo- stable, 
and also by uniformity of   it is not semi-simple. 

     The proof of the following proposition is straightforward and hence 
omitted. 

Proposition 1.3 

     Let M be an R-module. Then M is uniform if and only if M is 
indecomposable and strongly-pseudo-extending. 

     The following result shows that the two concepts strongly-pseudo-
extending modules and extending modules are equivalents in the class of 
indecomposable modules. 
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Proposition 1.4 

     Let M be an indecomposable module. Then M is strongly-pseudo-
extending if and only if M is extending. 

Proof: Obvious. 

     Recall that a submodule N of an R-module M is closed in M, if it has 
no proper essential extension in M [5]. 

     In the following theorem we give many characterizations of strongly-
pseudo-extending modules. 

Theorem 1.5 

     Let M be an R-module. Then the following statements are equivalent. 

1. M is strongly-pseudo-extending module. 
2. Every closed submodule of M is pseudo stable direct summand. 
3. If A is a direct summand of , then  is pseudo stable 

direct summand of M. 

Proof:  

     Let A be a closed submodule of M. Since M is strongly-pseudo-
extending, then there exists a pseudo stable direct summand B of M such 
that A is essential in B. But A is a closed submodule of M, hence A=B. 
That is A is a pseudo stable direct summand of M. 

. Let A be a direct summand of  , then  

where B is a submodule of  to show that  is closed in M. 

Suppose that  is essential in K, where K is a submodule of M, and 

let  Thus  where   and . Now consider that 

 then, . But  M is essential in  and 

 therefore there exists  such that 

Now,  and hence 
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 Thus,  But 

 is essential in K, so  is essential in  

and hence . Then  which is a contradiction. Thus 

 is closed in M and hence  is a pseudo stable direct 
summand of M. 

 Let A be a submodule of M. Let B be a relative complement 

of A, then  is essential in M [5]. But M is essential in , thus 

 is essential in  [5] and so . Since 

 is a summand of , then by using (3)  is a pseudo 

stable direct summand of M. But A is essential in , and M is 

essential in M, then  is essential in  [5]. Therefore 
M is strongly-pseudo-extending module. Θ 

     The decomposition theory for any algebraic structure has always a 
useful tool in the study of its properties and structure theory. The 
following result gives a decomposition theorem for strongly-pseudo-
extending module. 

Theorem 1.6 

     An R-module M is strongly-pseudo-extending if and only if for each 
submodule A of M, there is a direct decomposition  such 

that  where is pseudo stable submodule of M and  is 
an essential submodule of M. 

Proof: 

     Suppose that M is strongly-pseudo-extending module. Let A be a 
submodule of M. thus A is essential in a pseudo stable direct summand 
say K of M. That is  where is a submodule of M. Also, 

since A is essential in K and  is essential in  , thus  is 

essential in  [5]. Hence  is essential submodule of M. 
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Conversely: let A be a submodule of M. By hypothesis, there is a direct 
decomposition  such that , where  is a pseudo-

stable submodule of M and is essential in M. We claim that A is 

essential submodule of . Let K be a non-zero submodule of , hence 

K is a submodule of M. Since  is essential in M, then 

 Let , 

where , thus  which implies 
that , therefore , 

then , hence A is essential in . Thus M is strongly-
pseudo- extending module. Θ 

     Recall that a submodule N of an R-module M is fully invariant 
submodule if  for each [13] 

Proposition 1.7 

     Fully invariant direct summands submodules are pseudo stable. 

Proof: 

     Let K be fully invariant direct summands submodule of an R-module 
M. let   be any R-monomorphism. Since K is a direct summand 

of M, thus there is the projective mapping . Hence 
 is an R-homomorphism. Since K is fully invariant 

submodule of M, then we have  and 

so . Thus K is a pseudo- stable submodule of M. 

     In proposition 1.7 if a submodule K of an R-module M is either fully 
invariant or direct summand but not both, then K need not be pseudo-
stable submodule. For example in a Z-module Z the submodule 2Z is fully 
invariant, not pseudo-stable and it is not direct summand. Θ 

     Recall that an R-module M is called duo module if every submodule of 
M is fully invariant submodule of M [7]. 
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     The following corollaries are immediate consequences of Prop.1.7. 

Corollary 1.8  

     Every duo semi-simple R-module is fully pseudo-stable. 

     An R-module M is called multiplication module if every submodule of 
M is of the form AM for some ideal A of R [2] 

Corollary 1.9 

     Every multiplication semi-simple R-module is fully-pseudo-stable R-
module. 

     It is well known that every cyclic R-module is multiplication, we have 
the following result. 

Corollary 1.10 

     Every cyclic semi-simple R-module is fully-pseudo stable. 

     By using Prop.1.7 and definition of strongly-pseudo-extending 
module, we have the following result. 

Proposition 1.11 

     If every submodule of an R-module M is essential in a fully invariant 
direct summand of M, then M is strongly-pseudo-extending. 

     Recall that an R-module M is quasi-injective, if each R-
homomorphism  form any submodule N of M into M can be 
extended to an R-homomorphism of M [6]. 

     It is well-known that every quasi-injective module is extending module   
[8], and we have every strongly-pseudo-extending module is extending. 

     A question arises about the relationship between quasi-injective 
modules and strongly-pseudo-extending modules. In fact they are 
independent concepts. The Z-module Z is strongly-pseudo-extending 
(since it is uniform) but it is not quasi-injective. On other hand the vector 
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space of dimension two over a filed F is quasi-injective module, while it 
is not strongly-pseudo-extending F-module. 

     In the following results we consider conditions under which quasi-
injective module is strongly-pseudo-extending. 

Proposition 1.12 

     Every multiplication quasi-injective module is strongly-pseudo-
extending. 

Proof: 

     Suppose that M is multiplication quasi-injective R-module. Let K be a 
closed submodule of M. Since M is quasi-injective, then K is a direct 
summand of M [9, Lemma2]. It is enough to show that K is fully invariant 
submodule of M. Let . Since M is a multiplication. Then 

for some ideal A of R. 
Now . Hence K is fully-
invariant. Therefore, by Prop. 1.7 K is a pseudo-stable submodule of M. 
Hence by Theorem 1.5 M is strongly-pseudo-extending. Θ 

     As an immediate consequence of Prop. 1.12  we get the following 
corollary. 

Corollary 1.13 

     Every cyclic quasi-injective R-module is strongly-pseudo-extending. 

     Before we introduce the next result, we recall the following 
definitions. 

     Let R be a ring and H, N are submodules of an R-module M, the 
residual of H by N is  and the annihilator of 
M denoted by . Also recall that an R-module M is 

faithful if [11]. 
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     If R is strongly-pseudo-extending ring, then M may not be strongly-
pseudo-extending R-module. For example, consider the Z-module 

, we observed that Z is strongly-pseudo-extending ring( since it 

is uniform), while  is not strongly-pseudo-extending Z-module. 

     The following proposition gives a condition under which a module 
over extending ring is strongly-pseudo-extending  

Proposition 1.14 

     Let M be a faithful multiplication module. If R is extending ring, then 
M is strongly-pseudo-extending. 

Proof: 

     Let K be a closed submodule of M. Since M is a multiplication, then 
 [4]. But K is closed in M, therefore by [7, Prop.(3.31)] 

 is closed in R. Now, since R is extending ring, thus 

 where J is an ideal of R, and hence 

. Since M is faithful 
multiplication R-module, then by [4, Theorem 1.6] 

so 

 

That is K is a direct summand of M. To prove that K is fully invariant 
direct summand. Let . Then  

 where  Then, 

 Hence 

 that is K is a fully invariant submodule of M. Therefore K is a 
pseudo stable by Prop. 1.7  . Hence M is strongly-pseudo-extending by 
Theorem 1.5.Θ 
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     We don’t know in general whether strongly-pseudo-extending 
property is inherited by submodules. The following results are partial 
answering. 

Proposition 1.15 

     A closed submodule of strongly-pseudo-extending module is strongly-
pseudo-extending. 

Proof: 

     Let L be closed submodule of strongly-pseudo-extending R-module M. 
Let K be a closed submodule of L, then K is closed submodule of M [13, 
p18]. Since M is strongly-pseudo-extending, then K is a pseudo-stable 
direct summand of M by Prop.1.5. And since  and K is a direct 
summand of M, then K is direct summand of L[10,Lemma 2.4.3]. To 
prove that K is a pseudo stable submodule of L. Let  be any R-

monomorphism and consider  , where(inc) is the inclusion 
mapping. Then  is an R-monomorphism. Since K is a 

pseudo stable submodule of M, then . That is 

. Therefore K is a pseudo stable direct summand of L. Hence L 
is strongly-pseudo-extending. Θ 

     It is well known that every direct summand is closed we get the 
following result. 

Corollary 1.16 

     A direct summand of strongly-pseudo-extending R-module is strongly-
pseudo-extending. 

Proposition 1.17  

     Let M b a strongly-pseudo-extending R-module, such that the 
intersection of every submodule N with any pseudo stable direct 
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summand of M is pseudo stable direct summand of N. Then N is strongly-
pseudo-extending. 

Proof: 

     Let B be a submodule of N. Since M is strongly-pseudo-extending, and 
B is a submodule of M, then there exists a pseudo stable direct summand 
K of M such that B is essential in K. But  is essential in 

 [13]. But by hypothesis   is a pseudo stable direct 
summand of N. hence N is strongly-pseudo-extending.  

     As we mention in Examples and Remark 1.2(1) that every strongly-
pseudo-extending module is extending, but the converse is not true. In the 
following theorem we give a weaker condition to prove that the converse 
is true. 

Theorem 1.18 

     Let M be an R-module such that every direct summand of M is pseudo 
stable, then M is strongly-pseudo-extending if and only if M is extending. 

Proof: obvious. 

§2: SP Modules 

     Recall that an R-module M is fully – pseudo stable of M if, every 
submodule of M is pseudo stable [1]. We note that in section one 
(Theorem 1.18) the concepts of strongly-pseudo-extending modules and 
extending modules are equivalent under the condition “every direct 
summand is a pseudo stable” This lead us to introduce and study this 
condition as a proper generalization of fully-pseudo stable modules as 
follows. 

Definition 2.1 

     An R-module M is called SP-module if, every direct summand of M is 
pseudo stable. 
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    As, we call a ring SP-ring if, R is SP-module as R-module. 

Examples and Remarks 

1. Every uniform module is SP-module. 
2. Q as a Z-module is SP-module, but not fully pseudo stable. 
3. Every fully pseudo stable module is SP-module, but the converse is 

not true. For example the Z-module Z is SP-module, but not fully-
pseudo stable. 

4. From Prop. 1.7, if every direct summand of an R-module M is 
fully-invariant, then M is SP-module. 

5. Every duo module is SP-module. 
6. Every indecomposable module is SP-module. 
7. Every strongly-pseudo-extending module is SP-module. 

     We restate Theorem 1.18 as follows 

Theorem 2.3 

     If an R-module M is SP-module, then M is strongly-pseudo-extending 
if and only if M is Extending. 

Theorem 2.4 

     An R-module M is strongly-pseudo-extending if and only if M is 
extending and SP-module. 

     As an immediate consequence of Th.2.3, we have the following 
corollary. 

Corollary 2.5 

     If M is a semi-simple R-module, then M is strongly-pseudo- extending 
if and only if M is SP-module. 

     The following proposition gives a characterization of SP-module in 
the class of extending modules. 
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Proposition 2.6 

     If M is extending module, then M is SP-module if and only if every 
closed submodule of M is pseudo stable. 

Proof: 

 By theorem 2.4 M is strongly-pseudo extending module and by 
theorem 1.5 every closed submodule of M is pseudo stable. 

  It is obvious. Θ 

Proposition 2.7 

     Let M be an R-module, such that each direct summand of M has a 
unique complement H such that  , then M is SP-module. 

Proof: 

     Let D be a direct summand of M, then there is a submodule C of M 
such that  and consider  the projection mappings 
of M onto D and C respectively. Assume that D is not pseudo stable 
submodule of M, then there exists an R-monomorphism  with 

. Moreover, we may extend f to M by putting  for all 

. Then . Consider the two R-
homomorphism’s, 

. 

It is clear that  and 

 

That is  and  are sum-1-orthogonal 
idempotent, therefore by [12, lemma 4.6] M is a direct sum of the 
submodules  and . Thus 
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 where  and  which is a 
contradictions with the assumption. Then D is pseudo stable submodule 
of M, and hence M is SP-module. Θ 

Proposition 2.8 

     Let M be an R-module, such that every decomposition  

(where H and K are submodule of M) with . Then M is 
SP-module. 

Proof: 

     Let H be a direct summand of M, thus there is a direct summand K of 
M such that . By hypothesis ,  and by [7] H 
is a fully invariant submodule of M. Therefore H is a pseudo stable  by 
Example and Remark 2.1 (4). Θ 

     Before we give the next proposition, we introduce the following 
lemma. 

Lemma 2.9 

     Every cyclic submodule of an R-module M is pseudo stable, then M is 
a fully-pseudo stable. 

     We noticed that every fully-pseudo stable module is SP-module, and 
the converse is not true in general. In the following proposition, we 
obtain a condition under which the converse is not true. 

     Firstly, recall that an R-module M is regular, if given any element m 
in M, there exists  such that  [14]. 

Proposition 2.10 

     Every regular SP-module is fully-pseudo stable 

Proof: 
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     Let N be any cyclic submodule of regular SP-module. By regularity of 
M, N is a direct summand of M  [14, Th.2.2]. So, since M is  SP-module, 
thus N is a pseudo stable submodule of M. Therefore by lemma 2.9 M is 
fully-pseudo stable. Θ 

Corollary 2.11 

     If M is regular R-module then, M is fully-pseudo stable if and only if 
M is SP-module. 

     The condition of regularity of the module in corollary 2.11 is 
necessary because the Z-module Q of rational numbers is not regular and 

 is SP-module but it is not fully-pseudo stable. 

     The following result asserts that if  is commutative it is 
sufficient to make M is SP-module. 

Proposition 2.12 

     Let M be an R-module such that  is commutative. Then M is 
SP-module. 

Proof: 

     Let N be a direct summand of M and  be any R-

monomorphism. There exists a submodule K of M such that . 
Then f can be extended to an R-homomorphism   by 

putting  for each k in K. Define   by  

for each x in N and y in K.  Let    for some y in N and z in 
K.  
Now, and 

on other hand  Since 

 is commutative, then , and so . Then 

, therefore , hence M is SP-module. Θ 
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     In the following Proposition, we prove that the class of multiplication 
modules is contained in the class of SP-modules. 

Proposition 2.13 

     Every multiplication R-module is SP-module. 

Proof: 

     Let N be a direct summand of a multiplication module M, and let 
 be any R- monomorphism. Since M is multiplication, then 

N=AM for some ideal A of R. But N is a direct summand of M, thus f can 
be extended to an R-homomorphism . Now, 

 Thus N is a pseudo stable of M. 
Therefore M is SP-module. Θ 

     The converse of Th. 2.13 is not true in general. For example the Z-
module Q is SP-module, but not multiplication. 

     The following proposition shows that the direct summands of SP-
module inherit the property.  

Proposition 2.14 

     Every direct summand of SP-module is SP-module. 

Proof: 

     Let M be SP-module and let N be a direct summand of M, and let 
 be any R-monomorphism. Now, since N is a direct summand 

of M, then K is a direct summand of M [10]. Since M is SP-module, then 
K is pseudo stable submodule of M. thus 

 is the inclusion mapping, and so 

 That is . Thus K is a pseudo stable 
submodule of N. Hence N is SP-module. 
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Remark 2.15 

     The direct sum of SP-modules needs not to be SP-module. For 
example, consider  Z and  as a Z-modules (where p is prime number ). 

Since Z and  are uniform Z-modules, then they are SP-modules. But 

 as  Z-module is not SP-module. In fact, by uniformity of Z and  

the only direct summands of M are  But  

 is not pseudo stable submodule of M. For if, defining 

  for each . Clearly 

f is a Z- monomorphism. But  Θ 

     Recall that an R-module M is a directly finite if M is not isomorphic to 
proper direct summand of itself [5,p165]. 

     The following proposition shows that the class of SP-modules is 
contained in the class of directly finite modules. 

Proposition 2.16 

     Every SP-module is directly finite. 

Proof: 

     Let M be an SP-module. Suppose that  where K is a proper 
direct summand of M. let y be a non-zero element in M which is not in K, 
and let  be an isomorphism. Consider the monomorphism, 

 and  where  is the inclusion mapping 
from K into M. Since M is SP-module, thus K is a pseudo-stable 
submodule of M, and  and . 

Now   this is a contradiction. 
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Remark 2.17 

     The converse of Prop. 2.16 is not true in general, for example the two 
dimensional vector space V over a field F is directly finite (since it is 
finite dimension [5]). But V is not SP-module.  
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 SP-القویة والمقاسات من النمط -الكاذبة -مقاسات التوسع

 صادق یوكسل عبد الستار و   ھیبة كریم محمد علي

  الخلاصة

یكJون   Mمقاس توسJیع اذا كJان كJل مقJاس جزئJي مJن  Mنقول ان . مقاساّ  Mحلقة و  Rلتكن     
كJل مقJاس جزئJي تام الاستقراریة كاذب اذا كان  Mو نقول ان المقاس  Mمركبة جمع مباشر من 
  .منھ یكون مستقر كاذب

فJJي ھJJذا العمJJل تJJم عJJرض ودراسJJة صJJنفین مJJن المقاسJJات اولھمJJا صJJنف اقJJوى مJJن المقJJاس      
  MحیJJث نقJJول ان المقJJاس . الموسJJع وثانیھمJJا ھJJو تعمJJیم الJJى المقJJاس التJJام الاسJJتقراریة الكJJاذب

قوي اذا كان كل مقاس جزئي منھ یكون جوھري مJن مركبJة جمJع مباشJر مسJتقر  -كاذب –سع مو
اذا كJان كJل مركJب جمJع مباشJر  SP–انھ من النمط   Mكاذب ، من جھة اخرى نقول ان المقاس 

  .یكون مستقر كاذب  Mمن 

راسJJة فضJJلا عJJن ذلJJك تJJم د. تJJم اعطJJاء العدیJJد مJJن المكافئJJات و الخJJواص لھJJذین المفھJJومین      
قJJوي اذا وفقJJط اذا -یكJJون موسJJع كJJاذب MحیJJث برھنJJا ان المقJJاس . العلاقJJة بJJین ھJJذین المفھJJومین

  . SP-مقاس من النمط Mمقاس موسع و  Mكان
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