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Abstract

In this article convergence of Riesz fractional integral is studied
by comparing the integrand |x - t|f(t) where 0<n<1 with certain
functions. Variation of coordinates as well as complex analysis are
used to prove the convergence. This enables us to use the comparison
test of convergence widely.

I ntroduction

Fractional calculus is commonly called generalized
differintegration which means arbitrary orders (real, complex)
derivatives and integrals [5]. Its history can dated back to 1695 when

L.Hospital and Leibniz were communicating whether it made sence to

n

define d

for n =1 [2,6].
dx 2

n

One can state that the whole theory of fractional derivatives and
integrals was established in the 2nd half of the 19th century [2].
More than twelve definitions were given for fractional

derivatives and integration [5,9].



Fractional calculus does not developed as that of integer order
because of its lack of geometric and physical interpretation until 2001
when Podlubny [7] gave an interpretation for Riemann-Liouville
fractional derivative and integration.

M. Riesz fractional integral of order n where O<n<1 is defined

by
¥
f.(x)=¢gx-t" f(t)dt
-¥

In 1949 Riesz had developed a theory of fractional integration
for functions of several variables [6].

Bassam 1951 in his Ph.D. thesis showed the equivalence
between two definite integrals of arbitrary orders given by Holmgren
and Riesz [4].

Convergent Integrals

b
The generalization of the integral ¢f (x) dx where [ab] is finite

interval and f(x) is continuous function in this interval or has a finite
number of discontinuities of the first kind to cover the case when f(x)
has an arbitrary set of discontinuous points while remaining bounded
leads to Riemann integral.

If the interval [ab] is infinite or f(x) is unbounded in a
neighbourhood of a finite number of points then these integrals are

called improper.



The name of improper integral of a function f(x) in a semi-open
interval [a,¥ ] is defined as

& 0 cx=lim ¢ ()%

If this limit exists then the integral is called convergent
otherwise divergent or the integral does not exist. In this case we

notice two possihilities:
1
',!JD g(x)dx equals ¥ or - ¥

|
J (x)dx does not tend to a limit whether finite or infinite. For

a

example:-

¥
c‘)d—x =¥ (divergent)
X

(o]

¥
c‘;sin(x)dxz!(i@rp(l— cosl) does not exist, in fact it oscillates

(o]

between 0 and 2.

Geometrically this improper integral expresses the area between
acurve and it’s asymptote [3,9].

An improper integral is called absolutely convergent if it
converges after replacing f(x) by [f(x)|. But if it is convergent but not
absolutely convergent then it is called conditionally convergent.

Tests of Convergence[3,9]:
(1) Cauchy test




¥
dJ (x)dx isconvergent off " €>0 $lst " q>r >1 then

a

q

g (x)dx

p

<e

(2) Suppose that for all values x>N3 a the inequality |f (x)| £|j ()|

¥ ¥
holds. If ¥ (x) dx convergence absolutely thensois ¢f (x)dx .

¥ |
Note:- _9f (x)dx = !g@rg J (x)dx

me-¥ M
Where I® ¥ and m® - ¥ are independently of each other.
The Main Result

Now we show the convergence of Riesz integral by compairing
theintegrand |x - t|" f(t) with certain functions.

1

Theorem (1):- If G(x,t)=|x- t|' f(t) E——
1+t

then

¥
f.(x)= (%, t)dt converges absolutely.
-y
Proof : -
¥\ ¥\ dt 1 )¥ _
|fn(x)|£_96(x,t)|dt£_91+7—tan t), =p

\ f_(x) convergence absolutely.



cost

Theorem (2):- If G(x,t) =[x - t|"f(t) £ then f_(x
( ) | | () (t2+a2)(t2+b2) ()
IS convergent.
Proof:-
cost
f.(X)= QG(x,t)dt£El, = dt
()d(>| O(t+at+b)
Now we calculate |,
z-b —an
. cost dt p SE_EH a>b>0
O(t +a2)(t? +b?) (a2+b2)8b ag’

it
cost=Re e

¥

\ 1, = cost dt —Rellm edt
C)(t +a?)(t? +b?)  Rex O(t +a?)(t? +b?)

iz

edz

O(z +a? z+b)

=2pi (bl,o + bl,Z)

N

z,=la,z,=-la,z,=ib,z, =- 1

Qf(2)=

)

(22 +a?)(z +b?)




Qj (Z)Z(Z-Zo)f(Z)Z(Z_Z)(Z_Z )(Z-Z ) ,zt z,

'
@

.. e
\ b,, =1 .
e T O )6 )6 2)
o e
\ b, _Zlcérzrgl (2)= (ia+ia)(— a2 +b2)
e -2ia(b?-a’) - 2iae(b?- a?)

~ 2ia(b?- a?)- 2ia(b®- @°) 4a’(b®- a%)’

a

-ie

" 2a(b?- a?)
| e
i (@=(z- 2,)f ()= (z- z,)(z- z,)(z- z,) S
o PN e -2ib@- b
VO R O )b+ ib)  2ib(@ - bY) - 2ib(a - bY)

b

_2ibefa-b?)  -ie
Capt(ar-p?)f  2d(@ - bY)

iz
. "R e dz
lim

ROY ¢ RO(ZZ +a%)(z* +b?) -




iz -y -y
e e e

= £
(ZZ +a2)(22 +b2) ‘22 +a2‘ ‘ZZ +b2‘ (RZ _ aZ)(RZ _ b2)

1
(R? - a?)(R? - b?) Y

3

R e dz “T dz] PR
O,z 2\ (52 2 £Q 2 _ o2 2 _ h2) (P2 . a2
r (27 +a’)(z7+b7) g(R*-a’)(R™-Db%) (R"-a%
G

R iz
Vlim 5

Ro¥ (22 +a?)(z2 +b?)

iz iz

. ed R et R edz
O g 2 2 TN O P 2N (42 2 + 0 2 2 2
c(z7+a’)(z”+b%) (" +a’)(t"+b") g (z°+a%)(z" +b7)

=2pi (b, +b,,)

it -b
R e dt ge -ie

Cojg 9
lim =2pi - _
ren (17 4 a?) (2 +b7) 7 §2b(a’ - b°) 2a(b’- @)%

-b -a

=p8e e s e 9
gb(a2 - b*) a(b”- az)%ﬂ
b -ap
_p e e?

Ca?- bng ag



cost dt e dt
~ =Relim

\ |, =
2T a2 v p) Re O(t +a?)(t? +b?)
b -ap
Te_ef
2 —
‘a b )gb a!3
Theorem (3)- If G(x,t)=[x- " f()E— 5" b>0 then
(t +a)’ +b?
f. (X) isconvergent.
Proof:-
¥ ¥ cost
f,(X)= PO AEL, = )— ot
96 © N(t+a) +b?
Now we calculate |,
cost=Re§%9
)
it
\ _ Y. cost dt RellmR‘ e dt
i 9(t+a)2+b2 Ro¥ Lt +a)” +b?
e
A =2pi b
clz+a)” +b? P Do
18 C o) das
C,




(z+a)’ +b*=0

z? +2az+(a2 + bZ) =0

- 2a+,/4a% - 4(a® +b?)
Z, =

2
- 2a+,/4a’ - 4a® - 4b’
) 2
_ - 2a++/- 4b?
2
=-a+ib
- 2a+./4a’ - 4(a’ - b?)
z, =
2
=-a-ib
f(2)= e e

(z+a)* +b? =(z— z,)(z- z,)

(z- (- a+ib)) (z- (- a- ib))

e

\ ] (z):(z— Zo)f(z)z(z_ (_ a- ib)) , 21 Z,
i(-atib) -b -ia -b -ia
e e e _ee-2b

bl,ozzlcérzrc])j (Z)z((-a+ib- (-a- ib))z(-a+ib+a+ib)_ 2ib - 2ib



-b -ia -b .
_-i2be e -ie(cosa-isina) _ -|a%osa isinaQ
- 2 - 2 b =
45 2b 2b8 e e o
To prove
R edz

\ —

lim 5
RO¥ ¢ R(Z+a) +b

iz iz -y -y
e _ e L e . e
(z+a)? +b?| |(z- 2,)(z- 2,)| |z2- Zo|[z- 2] (R-Z)(R- z,)
£ ! AN
(R-2z,)(R-2)
R e P dz _ PR
RO (z+a)®b? R(R z,)(R- z,) " (R- z,)(R- z,)
C:
"R e dz
\ Iim 0O =
RO¥ ¢ R (z+a)* +b
iz it iz
. e dz R e dt N R edz ~2pib
- - 1,0

Oz+ayz+b? Qi+ar+b? S+a)?+b’

|8%osa sma00
82b8 e e o




__pcosa i psina

b b
be be
it
. R edt pcosa .psna
\ "mO 2 7~ b b
re(tra bt e be
- _ ¥ cost dt —RelimR‘ gdt __pcosa
’ .;4:(t+a)2+b2 R@”‘.(F'?(t+a)2+b2 be

¥ costdt _ pcosa

\ =
Ae+ay+b® o

n sint .
Theorem (4):- If G(x,t)=|x—t f()E———— then f (x) is
t°+4t+5
convergent.
Pr oof:-
¥ ¥ gntdt
f.(X)= B, )dtEl, = o5———
n( ) -;ﬁ( ) 3 _¥t2+4t+5
Now we calculate |3
\ sint=Ln g%ﬂf_"
7]
—¥07‘ sin' dt=Ln |mR07:a
30 Pk +4t+5  Re¥ {2 44t+5
O>——— Ié dz=2pi b
oz +4z+5 Pl D,
10 C o) &




z*+4z+5=0

- 4+V16-20 -4+ 4_

= =- 2+i
° 2 2
-4-4J16- 20 -4-+-4 .
z, = = =-2-1
2 2
f(2)= e e e

7 +42+5 (z-2,)(z- ) (- (-2+D)z- (-2- 1))

@l 2 )@=y P

i(-2+0) 2 -1 -2i -1 20 -1

e _ee ee-2 _-2iee
(-2+i+2+i) 2 2 -2 4

\ b, =limj (2)=

1

- ei(cos,-isin,) iae cos2 , . sin2¢

2 2¢ e e g

To prove
-R
. e
Iim ¢————dz=0
Re¥c r 2°+4z+5

T R T
22+4z+2‘ (z- 2,)(z- 2,)| |z- z]|z- 2| (R-Z)(R- z,)




£ 1
(R-2,)(R-z)

,y2 0

e ’ 1 |dz| pR

5 dZ£ =
z°+4z+5 C1 R(R'Zo)(R'Zl) (R'Zo)(R'Zl)

-S e

\lim  §—————=dz=0
ROY 7% +4z+5

iz it iz
. edz R ed ‘R edz
\0 2 = 2 + 2
cZ°+4z+5 RU +4t+5 s Z°+4z+5

=2pib,,

:Zpigelae_: 0052+ism299
el2e € e gy

& C0S2 .Sin29p cos2 . sSin2
=- p¢- + = -
e e € g e e

it
IimR‘ e dt _pcosZ_ipsinZ
R®¥_?t2 +4t+5 e e

it
- _Yosnt dt —LnlimR‘ e dt __psin2
s _O¥t2+4t+5 R®¥_0Rt2+4t+5 e

Yosintdt _-p
o)

. = sin2
yto+4t+5 e

L emma [8]:- We can simply prove that:



3. éidt=—-esina a>0

Y tdt _-p
4. 0. 2 -
ST+t +2t+2) 5

-2

5. ¢ e cos(2bt) dta/ﬁg

therefore if G(x,t) £ the integrand of the above then f,, is convergent.
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