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Abstract:-

The paper presents anewly-developed method with new
algorithm to modify numerical  solutions for nth-order linear
differential difference equations using Block method. Moreover, this
method can be used comparatively greater computational ease and
efficiency. The results of these algorithms are compared with the
Taylor series method .Three numerical examples are given for
conciliated the results of this method.

Keywords: Differential Difference Equation; Numerical solution,
Block Methods.
1.Introduction:-

Differential Difference Equations are differential equations in
which function appears with difference values of the argument and
which has been developed over twenty years , only in the last few
years has much effort been devoted to study differential equation s of
the form

F(y(), y(t-ty),., y(t-t,), y(t), y(t- t),... y(t- t), (1)

y' ()., y"(t-t,))=0
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Where Fisagiven functionand t ,,t ,,...., t , difference order k

[1].

The differential equation (1) is categorized into three types. -
Equation (1) is called a Retarded type, if the highest- order derivative
of unknown function appears for just one value of the argument.
Equation (1)is called a Neutral type, if the highest- order derivative of
unknown function appears both with and without difference argument.
All other differential equation (1) with a advanced types|[2,3] .

The main difficulty between differential difference equations
and ordinary differential equations is the kind of initial condition that
should be used in differential difference equation differs from
ordinary differential equation so that one should specify in differential
difference equations an initial function on some interval of Iengtht ,
say [‘[O - t ,to] and then try to find the solution of equation (1) for
alt s t,.

2. Block Method: -

A Block method provides easy and efficient mean for the
solution of the many problems arising in various fields of science and
engineering. The concept of Block method is essentialy an
extrapolation procedure and has the advantage of being self-starting.
Block method was described for differential equation by Shampin and
for integral equations was given by Sumaya [4, 5].

In this research we employ Block method for finding numerical
solution for Nth order differential-difference equations.

Consider the following first order differential equation

d :

Ei’ =fty) With Y&)=y, ..

A four-order Block method for equ. (2) Computed by: -
yn+2 - yn + 2hyr(1 Order 2
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Y1 = (yn + yn+2)/2 Order 2

Ynir = Yn +2[ y§+yal Order 3
Yne2 = Yn +2[y9+ y§..] Order 3
Yni = Yn +1—hz[5y$ +8Y - Vol Order 4
Yne2 = Yn +g[yﬁ +4yga + Y] Order 4

Block method of second and third order have been little used
for ordinary differential equations, in general, and differential —
difference equations, in particular, because they required more
evaluationof f .

However the following fourth order Block method which is
most popular and more efficient for dealling with differential
eguations.

Let

B, = f(t,. y(t,))

B, = f(t, +hy(t,) +hB,)

B, = f(t,+h,y(t, )+h/2B, +h/2B,)

B, = f(t, +2h,y(t )+2hB,) .. (3
B, = f(t, +h,y(t )+h/12(5B, +8B, - B,))

B, = f(t, +2h,y(t,) +h/3(B, + B, +4B;))

Then fourth order Block method may be written in the form.

h
Y1 = Yy +E(581 +8B;5 - By) .. (4

h
Ynt2 = Yn +§(B_L+4BS+BG) (5)
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2.1 Solution of 1% Order Linear Differential —Difference Equation
Using Fourth order Block Method"
Consider the following first order differential difference equation.

y(t) = F(& y(t), y(t- t), y(t- t),th [ty ) .. (6)
With initial function

YO=F® for t,-t £t£L,
equ. (6) may be solved by Block method if we use the initial function .

YO =¥ f t-1)f ¢-1)) . (7)
With initial condition

W) = (&)

For applying the Block method equation (7) by using. (3), (4)
and (5) we get the following formula.

h
Yia = Y] +E(581 +8B;- By)

Yiv2 = Y] +g(31 +4B; + By)

Where

B=fj.fE)f¢-)f&-1))

By=f(tj +hf (tj) +hBf ¢} -t) +hB,f &; - t)+hB)

By=f(tj +hf (tj)+h/ 2B+ 2Bp.f (- 1) +h/ 2B +h/ 2B f @ - t)+h/ 2B +h/ 2B)

Ba=f(tj +2nf @)+ 2B f (tj - 1) +2hByf G- 1) +2hiR)

B5=f(tj +hf (tj) +h/1258 +853- By) f (tj - t)+h/12383 +883- By) f &; - ) +h/1258 +883- By))
Bs=f(tj +2nf (tj)+h/AB+By+4B) f (tj - t) +h/ AB+ By +4B5) f @ - t) +h/AB +By +4B9)
forj=0,1,2... n

Algorithm (Blo4SN)
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The numerical solution of (1% order linear differential-

difference equation) using fourth order Block method is computed as
follows: -

Stepl: set his step size
Step 2: Compute B, = f(t,,f (t),f(t,-t),f(t -t)).

Step 3: Compute B, =f (t, +hf (t)+hB,f (t, - t) +hB,f (t, - t) +hB)
Step4: Compute
By = f(t; +hf (t;)+(h/2B,+h/2B,)f (t; - ) +(h/ 2B, +h/2B,) f (t; - t) +(h/2B, +h/ 2B,))
Step 5: Compute
B, = f(t,+2hf (t,)+2hB,f (t -t)+2hB,f (t -t)+2hB,)

Step6: Compute

B=f( +f ¢ ) +1EB+8- B)f ¢ -1)H1EB+8- B ¢ -1)+/155+38B-B),
Step/: Compute
B=f(t +nf () +WV3IB+B+B)f (-1)+W3IB+B+B)f ( -1)+VIB+B +4B))

h
Step8: Compute  Yj+ = Y] +E(581 +8B; - By)

h
Step 9: Compute  Yj+2 =Y +§(Bl+485+86)
Step 10: Settj=jhforeachj =01,....,Nn.

2.2 Solution of System 1% Order Linear Differential-Difference Equations

Using Fourth Order Block Method

Consider a system of first order differential-difference equation such
as:



y((t) = fi (t’yl(t)""’yn(t)’yl(t_ tl)""’yn(t_ t n)’y{(t_ tl)""’yr(1(t_ t n))a
tl [-t,¥)

(8)
With initial function
y,(t) =f (t) for t,-t EtEL,

I l

y.(t)=f (t) for t,-t E£t£t,
Equation (7) may be solved by fourth order Block method if

(
y‘u) - f(t’yl(t)iiyn(t)’f 1(t_ t 1)""f n(t_ t n)’f :th_ tl)’f n (t_ t n))
With initial condition
Yilto) =F1(t)ens Va (o) =T 1 (t)
For treating system of differential-difference equation

equ.(3),(4)and(5)we have
Yij+a = Yij +1—hz(5BJj +8B; - By)

Yij+2 = Yij +2(Bn +4Bg +Byg)

Where
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B =F @ Faly), - Forlty) Ft £ Folty ) FAG -0, £ 1)

By =t +hf 1)) +hBy.. £ty HByfol -t ) +By...,
Foft; -t ) By 4 -t) By £4( -t +hBy)

By =t +hf () HV BBy, fofty) HV Bt By f - 1)+ B HI By, ...,
folty -t HV B, Y B F - 1)+ B HV By, f 9 -t ) HV B,V 2By)

By =1 t; +nfyt;)+ 2B, £ {t;) 7208y f1t; - t) 2B, £t -t ) #2hB,,
-t +2B,. £8 -t +2B))

B =fi¢; +hf ¢;,) +V1Z8,+8B;- By, f{t) V128, +8, - B, -t) V1R +8;- BY.....,
folt; -t ) HV1ZB, 8y B f G -t) HV1ZB 8By By, fHt -t ) HV1Z8,+88y,- By))

By =i +Af ¢)+V3AB+By+ By fnfl)) HYABri B +4Bn) 1§ - 1) HVIB By + 8D, ..
oty -t ) HV3AB + By B PR - 1) HVAB BB, L - 1)+ 3B+ By t4B))

For j=0,1,...,n,i=0,1,...,m
Algorithm (Blo4SY)
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The numerical solution of (System1™ order linear differential-
difference equation) using fourth order Block method is computed as
follows: -

Stepl: set hisstep size
Step 2: Compute

B=Fff,t), f@)f.t -t f @ -t )G -t),. f4t -t.)).
Step 3: Compute
B, = f(t, +hf,(t)+hB,...f (t,) +hB, .t - t,)+hB,...

fm(tj - tm)+ham’f1¢tj - t)+halv--:frg1(tj - tm)+h_m)
Step 4: Compute
B = +hf () HWBHAB), £,() 0B HB)f(-t)HWBHAB),..

£ -1 )HVEB,HIB )R ) HBAHB), L8 -t ) B B,
5: Compute
B =1t +2f,(t)+2nB,..1, (1) A2NB,f (t -t)+2hB,..f (t -1,) 2B,

f@&-t)+hB,. {4 -t )+2hB8)

Step 6: Compute
B; =fit; +hf ;) +h/1238,+88y- By, £;) HV1238,,,+8By,- Byy) f1(t; - 1) +h/1258,+88y- Byy,...

Fioft -t ) +HV1288,,+8By- Byy) £ - 1)) +WV1238, +88y- By, S, -t ) +1V1258;,+8By,- Byy))
Step 7: Compute
By =fij +f ;) +WVAB 1 +B,1+4B,).. finty) tWVAB + By 4B fat; - t) tHVAB B, +H4B). ...

folt; -t )tV 3B +By 4B, F &, - ) +HVAB +B, 4B, £t - 1)tV 3B, +By, t4Byy)
Step 8:Compute

h
Yiju1 = Yij +E(5B]j +8By - By)
Step 9:Compute
9y



h
Yij+2 = Yij +§(Bu +4B; + By)

Step 10:
Set t; =jhforeach ] =01,....,Nn.

2.3 Solution of Nth-Order Linear Differential-Difference Equations
Using Fourth Order Block Method
The general form of nth-order differential difference equations

y'®) = yO, y&0,....y" 0.0t 1) Y& - 1),y 1), B Y
With initial function

yity=f @) For ty-tEtETL,
Wheret (t) anditsfirst n-1 derivativess ot)
continuous on interval [t, - t ,t,]

Obviously, the nth order equation with difference argument
may be replaced for equations without difference argument, by a
system of nth-equation of first order differential difference equation as
follows.
Let

x (t) = y(t)
X, (t) = y&t)
M

X1 (1) = Y72 (1)
Therefore, we get the following system of the first order equation

f ni(r) ae

q¢



X{(t) = %,(t)
(1) = %5(t)
M
qu:l(t) = Xn (t)
()= F (X (1), % ) XE- 1), X (- 1))

The above system can be treated using method prescribed in previous
sections of this search.

3. Test Example:
Example (1):
Consider the problem, which is 1% order, linear differential
y(t) = y(t) - yqt- 1) +2y(t- 1) +e€* =0

difference equation: -

With initial function

y(t) =€ Of£tE1L

While the exact solution is

y(t) =€ Of£tE1L
Taken=10, h=0.1 and t; = ih i=0, 1...n. Fourth order Block method
used to solve this problem. Their results are obtained by running
program Blo4SN
Table (1) presents the comparison between the exact and numerical
solution using: BIo4SN and Taylor series [6] , depending on least
sguare error.

t Exact Blo4SN Taylor
coriec [A]

0 1.0000 1.000 1.000

0.1 | 1.2213 1.2214 1.2207
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0.2 | 1.4916 1.4918 1.4902
0.3 | 1.8218 1.8221 1.8194
04 | 22251 2.2255 2.2216
05 | 2.7177 2.7183 2.7127
0.6 | 33193 | 3.3201 3.3126
0.7 | 40541 | 4.0552 4.0453
0.8 | 49516 | 4.9530 4.9402
0.9 | 6.0478 6.0496 6.0332

1 71.3877 7.3891 7.3683

L.S.E. 9.85e-006 | 0.0011
Table (1) Solution of Example (1)

Example (2): -
Consider the problem, which are systems of 1% order linear
differential difference equation: -

Vi) = ys(t- D+ya(t-1), t20
VO = it D*yalt- D), 120
VHD = ys(t- D+ alt- D), 120
yE() = ys(t- Dy,a(t- 1), t3 0
Yt = (-1, t3 0

With initial function
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y; (1) = exp(t +1), t£0

v (1) :exp(t+%), t£0
yo(t) =sin(t +1), t£0
V) =ept+l),  t£0
V) =exp(t+l),  t£0

With analytical solution
y,(t) =€' - cost +e, O£t£%
t 1 1
y,(t) =2e +exp(E)- 2, O£t£E
1 1 . 1
y3(t):exp(t+§)- cost +1- exp(E)+sm(1), O£t£E
1 1 1
ty== 2t)- = +e, Of£t£=
Ya(D) =S exp(2t) - — +e >

ys(t) =€ +e-1, O£t£%

Taken=10, h=0.1 and t; = ih i=0, 1...n . Fourth order Block method

used to solve this problem. Their results are obtained by running
program Blo4SY .

Table (2) presents the comparison between the exact and numerical

solution using: Blo4SY and Taylor series [6] ,depending on least
sguare error.

Example (3): -
Consider the differential difference equation of the second order:
1 1
y&) +2y(®)- Syt-3) =0, 71
with initial functions
y(t) = cost - ELEQ
v




can be replaced in system of two first order equations.

X{(1) = %,(1) ,

K== %0+ % (- ), 120

with initial conditions

t3 0

x(0)=1 , x(0)=0 -3 E£L£0
which has the exact solution
X, (t) = cost O£t£3J
X,(t) =- sint OELtED

For the numerical results, least square error is obtained by running
programs for the algorithms (Blo4SY') and Taylor series [6] for this

problem.
t Exat1 Blo4SY | Taylor Exact, Blo4SY, | Taylor
1 series| 6] serieq 6]
0 1 1 1.000 0 0 0
0.1 0.9950 0.9950 0.9948 -0.0998 -0.0998 -0.1000
0.2 0.9801 0.9801 0.9797 -0.1987 -0.1987 -0.1990
0.3 0.9553 0.9553 0.9548 -0.2955 -0.2955 -0.2960
04 0.9211 0.9210 0.9203 -0.389%4 -0.389%4 -0.3900
0.5 0.8776 0.8776 0.8766 -0.4794 -0.4794 -0.4801
0.6 0.8253 0.8253 0.8241 -0.5646 -0.5646 -0.5653
0.7 0.7648 0.7648 0.7634 -0.6442 -0.6442 -0.6450
0.8 0.6967 0.6967 0.6950 -0.7174 -0.7173 -0.7181
0.9 0.6216 0.6216 0.6196 -0.7833 -0.7833 -0.7841
1 0.5403 0.5403 0.5381 -0.8415 -0.8415 -0.8422

aA




L.SE 4889 | 176e4 LSE |[5.745e10| 3.67e6
Table (3) Solution of Example (3)

4. Conclusion:

Fourth order Block method has been presented for solving
differential difference equations. The results show a marked
improvement in the least square errors. For some test examples the
following points are included
1-Fourth order Block method gives a better accuracy and consistent
than Taylor series method for solving nth-order differential difference
equations
2-The good approximation depends on the size of h, if h is decreased
then the number of division points increases and L.S.E. approaches
zero.

3- Fourth order Block method solves linear differential difference
equations of any order by reducing the equation to system of first
order.
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