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ABSTRACT

Let R be a commutative ring with identity, and M be a unitary R-
module. A proper submodule N of an R-module M is called an
essential if N nK =(0) for each non-zero submodule K of M, and a

proper submodule L of an R-module M is called semi-essential if
L ~P =(0) for each non-zero prime submodule P of M, which is a

generalization of essential submodules.

In this paper we give another generalization of essential
submodule, we call it a quasi-essential submodulei, where we call a
proper submodule H of an R-module M a quasi-essential if
H nQ =(0)for each non-zero quasi-prime R-submodule Q of M .

Every essential submodule is a quasi-essential submodule




( semi-essential submodule), and every quasi-essential submodule is
semi-essential but the converse is not true. Our main goal in this work
Is to study the basic properties of quasi-essential submodules, and
semi-essential ideals in R. Also we study the modules that satisfies
Acc(Dcc) on quasi-essential submodules.
Introduction

Let R be a commutative ring with identity, and M be a unitary R-
module.

A proper submodule N of an R-module M is called an essential if
N nK =(0) for each non-zero submodule K of M [4] .and a proper

submodule L of an R-module M is called semi-essential if
L nP =(0) for each non-zero prime submodule P of M,[2] which is a

generalization of essential submodules. We give another
generalization of essential submodule, call it quasi-essential
submodule. A proper submodule N’ of M is called quasi-essential
submodule if N'nQ = (0)for each non-zero quasi-prime submodule Q

of M, where quasi-prime submodule was introduced in[1] ,as a
generalization of prime submodule which was introduced in [6],recall
that an R-submodule N of an R-module M is called a prime
submodule, if rmeM ,meM ,reR, theneither meN or re[N :M |,

where[N :M ]={reR:M <N |, and we recall that an R-submodule Q
of R-module M is a quasi-prime, if r,r,meQ,me M,r,r, R then either
r,m eQ or r,m Q. Since every prime submodule is a quasi-prime and

the converse is not true [1].
We prove that every quasi-essential submodule is semi-essential but
the converse is not true see Example and remark1.2 .
In the first section of this paper, we introduce the concept of quasi-
essential submodule, and study some basic properties of this concept.
In the second section, we introduce the concept of a quasi-essential
homomorphism. In the third section, we study a quasi- submodules in
multiplication module. In the fourth section we study modules that
satisfies Acc(Dcc) on quasi-essential submodules.
$1 Quasi-essential submodules




In

this section, we introduce the concept of a quasi-essential

submodule as a generalization of essential submodule and we give the
basic properties characterization, and examples of this concept.
Definition 1.1

A non-zero submodule N of an R-module M is called a quasi-
essential submodule if N nQ =(0) for each non-zero quasi-prime

submodule Q of M.
Examples and Remarks 1.2

1-

3-

Every essential submodule is a quasi-essential submodule, but
the converse is not true as the following example says: In the Z-

module Z,,, the submodule (6) Is a quasi-essential submodule

but not essential submodule of Z,,, since

(8)(3)=(0). But (8) ~(3) # (0)and (8)~(2) () where
(2)and (3) are the only quasi-prime submodule of Z,,.
Every quasi-essential submodule is semi-essential , but the
converse is not true as the following example says: In the Z-
module M =Z @Z, the only prime submodules are of the
forms Z @ pZ and pZ ©Z where p is a prime number. The
submodule

N =0@Z of M is semi-essential, but not a quasi-essential,
since (2Z ®0)N(0®Z)=(0) where 2Z ®0 is quasi-prime
submodule of M not prime submodule [1] .
A submodule of quasi-essential submodule need not be quasi-
essential submodules. In the Z-modulez,, the submodule (2)is

a quasi-essential submodule ofZ,, , but the submodule (4)c(2)

is nota quasi-essential submodule of z,,, since(4)(3)=(0).

Every submodule of the Z-module Z is quasi-essential
submodule.
Every proper submodule of the Z-module Z . is quasi-essential

submodules.



6- In semi-simple R-module M, the only quasi-essential
submodule is M itself.
Theorem1.3
Let M be an R-module, and N4,N, are submodules of M such that
N, = N,. If N; is a quasi-essential submodule of M, then N, is quasi-

essential submodule of M.

Proof: Suppose that for some quasi-prime submodule Q of M,
N, nQ =(0).But N is subset of N,, then N, ~Q =(0).Since N, is a
quasi-essential submodule of M, then Q =(0). Hence N, is a quasi-

essential submodule of M.
As a direct consequence of the above theorem we get the following
corollaries:

Corollaryl.4
Let M be an R-module, and N;,N, be submodules of M with

N,N,is a quasi-essential submodule of M, then N; and N, are
quasi-essential submodule of M.

The converse of corollary 1.4 is not true in general, for example, in
the Z-module Zs;, the submodules (1_2)and(1_8)are quasi-essential

submodule of Zs. But (1_2)m(1_8)=(0) is not a quasi-essential
submodule of Zzg, since the only quasi-prime submodule of Zzs are

(2)and (3).
Now we gives a partial converse of corollary 1.4.
Propositionl1.5
Let M be an R-module, and N4, N, be two submodules of M with
N, dose not contained in any quasi-prime submodule of M. If Ny is a
quasi-essential submodule of N, and N, is quasi-essential submodule
of M. Then N, "N, is a quasi-essential submodule of M.

Proof  Suppose that(N,"N,)nQ =(0)for some quasi-prime

submodule Q of M. Since N, zQ, then(NzﬁQ)is quasi-prime

submodule of N, by[1,prop.2.1.12]. But N; is a quasi-essential
submodule of N, thenN,nQ =(0) . But N, is a quasi-essential



submodule of M, then Q =(0) HenceN,nN, is a quasi-essential
submodule of M.
Proposition1.6

Let M be an R-module, and N4, N, be two submodules of M such
that N; is essential submodule of M and N, is quasi-essential
submodule of M. Then N, "N, is a quasi-essential submodule of M.

proof
Let Q be a non-zero quasi-prime submodule of M. Since N, is

quasi-essential submodule of M, then N, NQ =(0). Since N; is an

essential submodule of M , then N; (N, nQ)#(0), and so we get
(N, AN ,)nQ #(0) which implies that N, AN, is a quasi-essential
submodule of M.

Before we give of consequence of theorem 1.3 we recall the
following definitions :

Let N be a submodule of an R-module M, and S be a multiplicative
setof R. N (S)={x eM :3teS,tx eN }, N (S) is an R-submodule of M

contains N [5].  We define a closure of a submodule N, denoted by
cl (N ):{m eM :[N :(m)]essential in R}. cl (N ) is a submodule of

M,and N ccl(N).

The definition of M-radical of a submodule N of an R-module was
given in [5] as the intersection of all prime submodule of M
containing N, and denoted by /N .

Corollary 1.7

Let M be an R-module, and N is quasi-essential submodule of M.
Then

1. N (S) is aquasi-essential submodule of M.

2. cl(N) is aquasi-essential submodule of M.

3. JN is aquasi-essential submodule of M.

Corollary 1.8

Let M be an R-module , and N4, N, are two submodules of M such
that either N; or N, is quasi-essential submodule of M, then N, +N,is
a quasi-essential submodule of M.




Theorem1.9
Let N be a submodule of M. Then N is a quasi-essential submodule

of an R-module M if and only if [N o }is a quasi-essential

submodule of M for each non-zero ideal | of R.
Proof
Suppose that N is a quasi-essential submodule of M, and | is an

ideal of R. Since N g[N ; I]then by theorem 1.3 [N ; l}isa

quasi-essential submodule of M.
The converse followed by taking I=R.
Proposition 1.10
Let M be an R-module, then a non-zero R-submodule N of M is a
quasi-essential submodule of M if and only if for each non-zero a
quasi-prime submodule Q of M, there exist x in Q and there exist a
non-zero r in R such that
O#rx eN .
Proof
Suppose that N is a quasi-essential submodule of M, then
N nQ =(0) for each non-zero a quasi-prime submodule Q of M. Then

Ix #0,x eN nQ. Thus xeN and xeQ. Hence 0#1x €N .

Conversely: Suppose that for each non-zero quasi-prime submodule Q'
of M, 3x #0,x €eQ'and Ir #0,r eR 3rx e N since

reRand x eQ’,thenrx eQ’ sothat 0=rx eN nQ". Thus
N nQ’=(0)and hence N is a quasi-essential submodule of M.

Proposition 1.11

Let M; and M, be two R-modules, and let M =M, ®M,, such that
every submodule N of M is of the form N =N, ®N,, where N; and N,
are submodules of M; and M, respectively, if N; is a quasi-essential
submodule of M; and N, is a quasi-essential submodule of M, , then
N =N, ®N, is a quasi-essential submodule of M.
Proof

Let Q be a quasi-prime submodule of M , then Q =Q, ®Q, where
Quis a quasi-prime submodule of M; and Q,is a quasi-prime
submodule of M, [1,prop.2.2.7].




Since N; is a quasi-essential submodule of My, then by propl1.10
F0=x,€Q,&0-r eR >0, €N, and Since N, is a quasi-

essential submodule of M, then by prop1.10
0#x,€Q,&0#-reR>0=#mrx,eN,.

Hence (0,0) = (rx,,ix,)eN =N, ®N,.i.e. (0,0)#r(x,,x,)eN, ®N,

where (0,0)#(x;,X,)€Q .That is N is a quasi-essential submodule

of M.
Corollary 1.12

Let M be an R-module, and N be a submodule of M. If N is a
quasi-essential submodule of M, then N?=N @N is a quasi-essential
submodule of M?=M &M .

Proposition 1.13
Let M =M, ®M, be the direct sum of two R-modules M; and M.

If N; is a quasi-essential submodule of M; ,then N, @M, is a quasi-

essential submodule of M.
Proof

Since Ny is a quasi-essential submodule of M; and M, is a quasi-
essential submodule of M, then by prop. 1.11 ,we haveN,®M,is a

quasi-essential submodule of M.

In the following proposition, we study the behavior of a quasi-
essential submodules under localization.
Proposition 1.14

Let M be an R-module, and N is a submodule of M. If N, is a

quasi-essential R, —submodule of M, , then N is a quasi-essential

submodule of M.
Proof

Let Q be a quasi-prime submodule of M, then Qs is a quasi-prime
submodule of Ms by [1,prop.2.3.3]. Since Ng is quasi-essential Rs-

submodule of Ms , then N, NQq #(0).That is (N nQ), #(0),then

(N mQ)=(0),which is implies that N is a quasi-essential submodule

of M.
$2:Quasi-essential Homomorphism




In this section we introduce the concept of quasi- essential
homomorphism, and study properties of this concept.
Definition 2.1

An R-homomorphism f:M -M’, where M&M' are two R-
modules, is called a quasi- essential homomorphism if f(M) is a
quasi-essential submodule of M.

The proof of the following proposition is straightforward and
hence omitted.
Proposition 2.2
Let M be an R-module, and N be an R-submodule of M, then N is a
quasi-essential submodule of M if and only if the inclusion function
i :N — M s aquasi- essential monomorphism.
Proposition 2.3
Let M & M' be an R-modules and f:M —-M’' be an R-
epimorphism, then
1. If N is a quasi-essential submodule of M, then f(N) is a quasi-
essential submodule of M'.
2. 1T N'is a quasi-essential submodule of M" and Kerf <Q for each
quasi- prime submodule Q of M, then f*(N’) is a quasi-

essential submodule of M .
Proof
1- Let Q' be a quasi- prime submodule of M', then f *(Q’) is

quasi- prime submodule of M [1,prop.2.3.1] . But N is a quasi-
essential submodule of M, then

N ~f Q)= (0)=f (N)nQ'=(0).
2- Suppose that f (N ")nQ =(0) for some quasi- prime
submodule Q of M. ThusN '~ f (Q)=(0)since Q is a quasi-

prime submodule of M, with Kerf cQ , then f(Q) is a quasi-
prime submodule of M’ by[1,prop.2.3.1] . But N' a quasi-
essential submodule of M, then f (Q)=(0)which implies that

Q ckerf <f *(N")and henceQ =f (N ")nQ =(0) that is Q=(0).
Hence f (N ') is a quasi-essential submodule of M.
Corollary2.4




Let K and N be two submodule of an R-module M and
K =N &N cQ for each quasi- prime submodule Q of M. Then % isa

quasi-essential submodule of I\N/I_if and only if N is a quasi-essential

submodule of M.
Proposition 2.5
Let M; and M, be two R-modules, and let Hom, (M, K) be a

proper sub -module of Hom, (M,,M,) for any submodule K of M. If
Hom, (M,N ) is a quasi-essential submodule of Hom, (M ,M,), then

N is a quasi-essential submodule of M,.
Proof
Let Q be a quasi- prime submodule of M,, then Hom, (M,,Q) isa

quasi- prime submodule of Hom, (M,M,) by [1,prop.2.3.6]. But
Hom, (M,,N ) is a quasi-essential submodule of Hom, (M ,M,), then
3f ,0#f eHom, (M,,Q)&0#reR >0=1f eHom, (M ,N)[by
prop. 1.10]. i.e. f (m)eN vmeM, &0=f (m)eQ.Therefore Nisa

quasi-essential submodule of M.

Corollary2.6

If Hom, (M ,N) is a quasi-essential submodule of Hom, (M ,M ),
then N is a quasi-essential submodule of M.
$3: Quasi —essential submodules in multiplication modules

This section is devoted to study quasi-essential submodules in
multiplication modules.

We need to recall the following definitions:

Recall that an R-module M is called multiplication module if for
each submodule N of M, there exist an ideal |1 of R such that
N =IM [3].

Recall that a non-zero ideal | of a ring R is semi-essential ideal if
| NP =(0) for every non-zero prime ideal P of R [2].

We start by the following proposition.
Proposition 3.1




Let M be faithful multiplication R-module, and N is a submodul-e
of M such that N =1IM for some ideal I of R. Then N is a quasi-
essential submodule of M if and only if | is semi-essential ideal of R.
Proof

Suppose that N a quasi-essential submodule of M, and let
| nP =(0) for some prime ideal P of R. Since M is faithful

multiplication module, then (0)=(1 "P)M =IM nPM .Since P is
prime ideal , then PM is quasiprime submodule of M [3.lemma2.10].
which implies that PM is quasi-prime submodule of M [1.Remark
2.1.2(1)]. Since N =IM is a quasi-essential submodule of M, then
PM=(0). But M is faithful module, then P=(0). Therefore I is semi-
essential ideal of R.
Conversely: Suppose that | is semi-essential ideal of, and let
N nQ =(0), for some quasi-prime submodule Q of M. Since M is
multiplication , then Q is a prime submodule of M by [1,Prop.2.1.9].
Now since M is multiplication module, then there exist an ideal P of R
such that Q=PM [3,Lemma2.11]. Hence
(0)=N NQ =IM "PM =(I nP)M. But M is faithful multiplication,
then I P =(0). Since | is semi-essential ideal of R, then P=(0).
Hence Q=PM=(0). Therefore N is a quasi-essential submodule of M.
Proposition 3.2

Let M be faithful multiplication R-module, and N is a submodule
of M. Then N is a quasi-essential submodule of M if and only if
[N :(x)]is semi-essential ideal of R for each x in M.

Proof
Suppose that N is a quasi-essential submodule of M. Then by
prop.3.1 [N :M] is semi-essential ideal of R. But for each x in M

[N:M]<[N:(x)]. Since M is faithful multiplication |,
then[N :M ]Mc[N :(x)|M [3]. But [N :M]M is a quasi-essential
submodule of M . Therefore [N :(x)] is semi-essential ideal of R by
Prop.3.1.




Conversely: Suppose that [N :(x)] Is semi-essential ideal of R for

each x in M. Let Q be non-zero quasi-prime submodule of M such
thato=x €Q. Since M is multiplication module, then Q is prime
submodule of M by [1,Prop.2.1.9], and Q=PM, where P is a prime
ideal of R. But [N:(x)]is semi-essential ideal of R, then

[N:(x)]nP=(0), and since M is faithful multiplication, then
[N :(x)|M ~PM #(0). That is N nQ =(0) and hence N is a quasi-

essential submodule of M.
Theorem3.3

Let M be faithful multiplication R-module and N=IM is a
submodule of M for some ideal | of R. Then the following statement
are equivalents:

1. N is a quasi-essential submodule of M.

2. | is semi-essential ideal of R.

3. N is semi-essential submodule of M .

4. [N :(x)]is semi-essential ideal of R forallo=x eM .

Proof
1-2 [Prop.3.1].

2—3 [2,Prop2.1.1].
3—>4 [2,Prop2.1.2].

4—1 by Prop.3.2.

$4: Modules that satisfies Acc (Dcc) on Quasi —essential submodules
An R-module M is said to be satisfy the ascending (descending)
chain condition Acc (Dcc) on a quasi-essential submodule of M if
every ascending (descending) chain of a quasi-essential submodules
N,cN,c---=N, < respectively(N, oN, o---o N o---)terminates.

We start with the following result:
Proposition 4.1

An R-module M satisfy Acc (Dcc) on a quasi-essential submodules
of M if each a quasi-essential submodule of M is finitely generated.
Proof




Let N,cN,c---cN, c-- be ascending) chain of a quasi-essential
submodules N; of M. Put > N, =N , then N is a quasi-essential

iel
submodule of M by theorem1.3, and hence N is finitely generated sub
module of M. Therefore, there exist a finite set 1, < I , such that
D> N; =N . Hence the chain N,cN,c--c N, - is terminates.
el
Proposition 4.2

Let M be an R-module such that M satisfy Acc (Dcc) on a quasi-

essential submodule of M . Then '\N/'— satisfy Acc (Dcc) on a quasi-

essential submodule of '\N/'—for each submodule N of M contained in

every a quasi-prime submodule of M .
Proof
Suppose that M satisfy Acc (Dcc) on a quasi-essential submodules

N,cN,c---cN <+ of M. Let =»:M —>'\N/'—is a natural
N

n

N N
homomorphi —Lc—2c-c
omomorphism and let N N N

chain of a quasi-essential submodule of '\I\I/'—such that N =N, for each

<+ be ascending

I. Hence ™ (NW]: N, is a quasi-essential submodules M for each i by

Prop.2.3. Hence N, cN,c---c N, c--- is ascending chain of a quasi-

essential submodule of M. But M satisfy Acc on a quasi-essential
submodules of M, then there exist a positive integer n such that

N =N = and No_Nos_ . Therefore M satisfy Acc on a
n n+1 N N N

quasi-essential submodule of '\N/'—
Similarly for Dcc.
The next proposition gives the relation between the R-module M

satisfy Acc (Dcc) on a quasi-essential submodules of M and a ring R
that satisfy Acc (Dcc) on semi-essential ideal.



Proposition 4.3

Let M be finitely generated faithful multiplication R-module. Then
M satisfy Acc (Dcc) on a quasi-essential submodule of M if and only
If R satisfy Acc (Dcc) on semi-essential ideal.
Proof

Suppose that M satisfy Dcc on a quasi-essential submodule of M,
and let

l,o1,2--21, 2 be descending chain of semi-essential ideal of
R. Then IIM 2I,M o---oI /M o--- be a descending chain on a
quasi-essential submodules of M by Prop.3.1. But M is satisfy Dcc on
a quasi-essential submodules of M , then there exist a positive integer
n such that I .M =1,M =---.But M is finitely generated faithful
multiplication R-module , thenl, =1, =---[3.Th.3.1]. Hence R satisfy

Dcc on semi-essential ideals.
Conversely; Suppose that R satisfy Dcc on semi-essential ideals of R,
and let
N,oN,2---2N, o be descending chain of a quasi-essential
submodules of M. Since M is multiplication R-module, then
N, =1,M for some semi-essential ideal I; of R for each
i=1,2,...,n...byProp.3.1. Thus I'M oI,M o---21 M o---and since
M is finitely generated faithful multiplication R-module, then
l,o1,2--21, 2 be descending chain of semi-essential ideals
of R by[3,Th3.1] . But R satisfy Dcc on semi-essential ideals, thus
there exist a positive integer nsuchthat I, =1, =---.
Hencel M =1,,M =---. Therefore M satisfy Dcc on quasi-essential
submodules of M .

Similar proof for Acc.
Theorem 4.4

Let M be finitely generated faithful multiplication R-module. Then
the following statement are equivalent:
1- M satisfy Acc (Dcc) on quasi-essential submodules of M.
2- R satisfy Acc (Dcc) on semi-essential ideals.
3- s =End (M )satisfies Acc(Dcc) on semi-essential ideals.




4- M satisfy Acc (Dcc) on quasi-essential submodules of as S-module.
5-M satisfy Acc (Dcc) on semi-essential submodules as S-module.

6- M satisfy Acc (Dcc) on semi-essential submodules as R-module.
Proof

1—»>2 [Prop.4.3]

2—3 Since M is finitely generated faithful multiplication R-module,
then R =S by [7,Cor3.3], so R satisfy Acc (Dcc) on semi-essential
ideals if and only if S satisfies Acc(Dcc) on semi-essential ideals.
3—>4 [ prop.3.1].

4—5 [Th.3.3].

5—6 Since M is finitely generated faithful multiplication R-module
thenR =S Dby [Cor.3.3], then S satisfies Acc(Dcc) on semi-essential
Ideals so is R and hence M satisfy Acc (Dcc) on a quasi-essential
submodules of M by Th.3.3.

6 —1[ Th.3.3].
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